Abstract. We prove that a general complex Monge-Ampère flow on a Hermitian manifold can be run from an arbitrary initial condition with zero Lelong number at all points. Using this property, we confirm a conjecture of Tosatti-Weinkove: the ChernRicci flow performs a canonical surgical contraction. Finally, we study a generalization of the Chern-Ricci flow on compact Hermitian manifolds, namely the twisted ChernRicci flow.
Introduction
Let (X, g, J) be a compact Hermitian manifold of complex dimension n, that is a compact complex manifold such that J is compatible with the Riemannian metric g. Recently a number of geometric flows have been introduced to study the structure of Hermitian manifolds. Some flows which do preserve the Hermitian property have been proposed by Streets-Tian [ST10, ST11, ST13], Liu-Yang [LY12] and also anomaly flows due to Phong-Picard-Zhang [PPZ15, PPZ16a, PPZ16b] which moreover preserve the conformally balanced condition of Hermitian metrics. Another such flow, namely the Chern-Ricci flow, was introduced by Gill [Gil11] and has been further developed by Tosatti-Weinkove in [TW15] . The Chern-Ricci flow is written as For the Kähler case, running the Kähler-Ricci flow (or complex Monge-Ampère flows) from a rough initial data has been studied by several recent works [CD07] , [ST16] , [SzTo11] , [GZ13] , [BG13] , [DNL17] . In [ST16] , [SzTo11] the authors succeeded to run certain complex Monge-Ampère flows from continuous initial data, while [DNL17] and [GZ13] are running a simplified flow starting from an initial current with zero Lelong numbers. Recently, we extended these latter works to deal with general complex MongeAmpère flows and arbitrary initial condition (cf. [Tô16] ). One of the motivations for this problem comes from the Analytic Minimal Model Program proposed by Song-Tian [ST16] . For the Chern-Ricci flow, the same question was asked recently by TosattiWeinkove [TW13, TW15] related to the classification of non-Kähler complex surfaces.
Assume that there exists a holomorphic map between compact Hermitian manifolds π : X → Y blowing down an exceptional divisor E on X to one point y 0 ∈ Y . In addition, assume that there exists a smooth function ρ on X such that In this note, we confirm this conjecture 1 . An essential ingredient of its proof is to prove that the Monge-Ampère flow corresponding to the Chern-Ricci flow can be run from a rough data. By generalizing a result of Székelyhidi-Tosatti [SzTo11] , Nie [Nie14] has proved this property for compact Hermitian manifolds of vanishing first Bott-Chern class and continous initial data. In this paper, we generalize the previous results of Nie [Nie14] and the author [Tô16] by considering the following complex Monge-Ampère flow:
where (θ t ) t∈[0,T ] is a family of Hermitian forms with θ 0 = ω and F is a smooth function on R × X × R.
Theorem A. Let ϕ 0 be a ω-psh function with zero Lelong number at all points. Let (t, z, s) → F (t, z, s) be a smooth function on [0, T ] × X × R such that ∂F/∂s ≥ 0 and ∂F/∂t is bounded from below.
Then there exists a family of smooth strictly θ t −psh functions (ϕ t ) satisfying (CM AF ) in (0, T ] × X, with ϕ t → ϕ 0 in L 1 (X), as t ց 0 + and ϕ t converges to ϕ 0 in C 0 (X) if ϕ 0 is continuous. This family is moreover unique if ∂F/∂t is bounded and ∂F/∂s ≥ 0.
The following stability result is a straighforward extension of [Tô16, Theorem 4.3, 4.4].
1 After this paper was completed, the author learned that Xiaolan Nie proved the first statement of the conjecture for complex surfaces (cf. [Nie17] ). She also proved that the Chern-Ricci flow can be run from a bounded data. The author would like to thank Xiaolan Nie for sending her preprint. Theorem B. Let ϕ 0 , ϕ 0,j be ω-psh functions with zero Lelong number at all points, such that ϕ 0,j → ϕ 0 in L 1 (X). Denote by ϕ t,j and ϕ t the corresponding solutions of (CM AF ) with initial condition ϕ 0,j and ϕ 0 respectively. Then for each ε ∈ (0, T )
Moreover, if ϕ 0 and ψ 0 are continuous, then for any k ≥ 0, for any 0 < ε < T , there exists a positive constant C(k, ε) depending only on k and ε such that
As a consequence of Theorem A and Theorem B, the Chern-Ricci flow on any Hermitian manifold can be run from rough data. Using this result and a method due to Song-Tosatti-Weinkove [SW13, TW13] we prove the conjecture. The proof is given in Section 4.
The second purpose of this paper is to study a generalization of the Chern-Ricci flow, namely the twisted Chern-Ricci flow:
where Ric(ω t ) is the Chern-Ricci form of ω t , ω 0 is a Hermitian metric on X and η is a smooth (1, 1)-form. In general, we do not assume η is closed. This flow also generalizes the twisted Kähler-Ricci flow which has been studied recently by several authors (see for instance [CS12, GZ13] ).
We show that the twisted Chern-Ricci flow starting from a Hermitian metric ω 0 is equivalent to the following complex Monge-Ampère flow 
When the twisted Chern-Ricci flow has a long time solution, it is natural to study its behavior at infinity. When the Bott-Chern class vanishes and η = 0, Gill has proved that the flow converges to a Chern-Ricci flat Hermitian metric (cf. [Gil11] ).
Denote by {η} := {α is a real (1,1)-form |∃f ∈ C ∞ (X) with α = η + dd c f }, the equivalence class of η. Suppose that c BC 1 (X) − {η} is negative. Consider the normalized twisted Chern-Ricci flow Note that in general, one cannot assume η to be closed, in contrast with the twisted Kähler-Ricci flow. Let us stress also that the limit of the normalized twisted ChernRicci flow exists without assuming that the manifold is Kähler (a necessary assumption when studying the long term behavior of the Chern-Ricci flow). Therefore the twisted Chern-Ricci flow is somehow more natural in this context.
As an application of Theorem D, we give an alternative proof of the existence of a unique smooth solution for the following Monge-Ampère equation
We show that the solution is the limit of the potentials of a suitable twisted normalized Chern-Ricci flow. Cherrier [Che87] proved this result by generalizing the elliptic approach of Aubin [Aub78] and [Yau78] .
The paper is organized as follows. In Section 1, we recall some notations in Hermitian manifolds. In Section 2 we prove various a priori estimates following our previous work [Tô16] . The main difference is that we will use the recent result of Kołoziedj's uniform type estimates for Monge-Ampère on Hermitian manifolds (cf. [DK12, Bł11, Ngu16] ) instead of the one on Kähler manifolds to bound the oscillation of the solution. The second arises when estimating the gradient and the Laplacian: we use a special local coordinate system due to Guan-Li [GL10, Lemma 2.1] instead of the usual normal coordinates in Kähler geometry. In Section 3 we prove Theorem B and Theorem C. In Section 4, we prove the conjecture. In Section 5 we define the twisted Chern-Ricci flow and prove the existence of a unique maximal solution using the estimates in Section 2. The approach is different from the one for the Chern-Ricci flow due to TosattiWeinkove [TW15] . We also show that the twisted Chern-Ricci flow on negative twisted Bott-Chern class smoothly converges to the unique twisted Einstein metric.
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1. Preliminaries 1.1. Chern-Ricci curvature on Hermitian manifold. Let (X, g) be a compact Hermitian manifold of complex dimension n. In local coordinates, g is determined by the n × n Hermitian matrix (g ij ) = g(∂ i , ∂j). We write ω = √ −1g ij dz i ∧ dz j for its associated (1, 1)-form.
We define the Chern connection ∇ associated to g as follows. If X = X j ∂ j is a vector field and α = a i dz i is a (1, 0)-form then theirs covariant derivatives have components
We define the torsion tensors T andT of ω as follows
Definition 1.1. The Chern-Ricci curvature of g is the tensor
and the Chern-Ricci form is
It is a closed real (1, 1)-form and its cohomology class in the Bott-Chern cohomology group
, which is independent of the choice of Hermitian metric g. We also write R = g kl R kl for the Chern scalar curvature.
1.2. Plurisubharmonic functions and Lelong number. Let (X, ω) be a compact Hermitian manifold. Definition 1.2. We let P SH(X, ω) denote the set of all ω-plurisubharmonic functions (ω-psh for short), i.e the set of functions ϕ ∈ L 1 (X, R ∪ {−∞}) which can be locally written as the sum of a smooth and a plurisubharmonic function, and such that
in the weak sense of positive currents. We say ϕ has a logarithmic pole of coefficient γ at x if ν(ϕ, x) = γ.
A priori estimates for complex Monge-Ampère flows
In this section we prove various a priori estimates for ϕ t which satisfies for some B ∈ R.
Since we are interested in the behavior near 0 of (CM AF ), we can further assume that
3) The assumption (2.3) will be used to boundφ t from above. For a lower bound of ϕ t , we have Lemma 2.1. There is a constant C > 0 depending only on inf X ϕ 0 such that,
where C will be chosen hereafter. Since we assume that 2θ t ≥ ω,
We now choose C > 0 satisfying 
where C only depends on ||e −2βϕ 0 || L p (X) , for some p > 1.
Remark 2.2. Latter on we will replace ϕ 0 by smooth approximants ϕ 0,j of initial data.
Since the latter one has zero Lelong numbers, Skoda's integrability theorem [Sko72] will provide a uniform bound for
Lemma 2.3. For all z ∈ X and 0 < t < min(T, (2β) −1 ), we have
where A depends on sup X ϕ 0 . In particular, there exists c(t) ≥ 0 such that
with c(t) ց 0 as t ց 0.
By our choice of β we have
hence φ t is a subsolution to (CM AF ). Since φ 0 = ϕ 0 the conclusion follows from the maximum principle [Tô16, Proposition 1.5].
The lower bound forφ comes from the same argument in [Tô16, Proposition 2.6]:
Proposition 2.4. Assume ϕ 0 is bounded. There exist constants A > 0 and
We now prove a crucial estimate forφ t which allows us to use the uniform version of Kolodziej's uniform type estimates in order to get the bound of Osc X ϕ t . The proof is the same in [GZ13, Tô16] , but we include a proof for the reader's convenience.
Proposition 2.5. There exists
Since we assume that θ t − tθ t ≥ 0 (see (2.3)), we get
If G attains its maximum at t = 0, we have the result. Otherwise, assume that G attains its maximum at (t 0 , z 0 ) with t 0 > 0, then at (t 0 , z 0 ) we have
Since ∂F ∂s ≥ 0 by the hypothesis, we obtainφ(t 0 , z 0 ) < 0 and
where C 1 only depends on sup X ϕ 0 and T , hence there is a constant C 2 depending on sup X ϕ 0 and T such that
where C only depends on sup X ϕ 0 and T .
2.2.
Bounding the oscillation of ϕ t . Once we get an upper bound forφ t as in Proposition 2.5, we can bound the oscillation of ϕ t by using the following uniform version of Kolodziej's estimates due to Dinew-Kołodziej [DK12, Theorem 5.2].
Indeed, observe that ϕ t satisfies
then by Proposition 2.5, for any ε ∈ (0, T ),
for all t ∈ [ε, T ]. Fix p > 1 and F a compact family of ω-psh functions with zero Lelong numbers, and assume that ϕ 0 ∈ F. It follows from the uniform version of Skoda's integrability theorem (cf. [Sko72, Proposition 7.1] and [Zer01, Theorem 3.1]) that there exists C ε > 0 such that
Remark 2.7. Later on we will replace ϕ 0 by smooth approximants ϕ 0,j of initial data. We can thus apply the previous estimate with F = {ϕ 0 } ∪ {ϕ 0,j , j ∈ N}, where ϕ 0 is now the initial data. This yields
Now, thanks to Theorem 2.6, we infer that the oscillation of ϕ t is uniformly bounded:
2.3. Bounding the gradient of ϕ. In this section we bound the gradient of ϕ using the same technique as in [Tô16] (see also [SzTo11] ) which is a parabolic version of Błocki's estimate [Bł09] for Kähler manifolds. In these articles we used the usual normal coordinates in Kähler geometry. For Hermitian manifolds, we need to use the following local coordinate system due to Guan-Li [GL10, Lemma 2.1] (see also [ST11] for a similar argument), which is also essential for our second order estimate. We also refer the reader to [Ha96, Lemma 6] for a gradient estimate for the elliptic Complex Mong-Ampère equation in the Hermitian case without using the local coordinate system. We thank Valentino Tosatti for indicating the reference [Ha96] . We remark that similar arguments of the proof below can be found in [Nie14, Lemma 3.3].
Lemma 2.9. At any point x ∈ X there exists a local holomorphic coordinate system centered at x such that for all i, j
We now prove
Proof. Since the bound on Osc X ϕ ε only depends on sup X ϕ 0 and ε (see Theorem 2.8), we can consider the flow starting from ϕ ε , i.e ϕ(0, x) = ϕ ε . Then we need to show that there exists a constant C depending on Osc X ϕ 0 and ε such that
ω and γ ∈ C ∞ (R, R) will be chosen hereafter. If K(t, z) attains its maximum for t = 0, β is bounded in terms of sup X ϕ 0 and ε, since |ϕ t | is bounded by a constant depending on sup X ϕ 0 and ε for all t ∈ [0, T − ε] (see Section 2.1).
We now assume that K(t, z) attains its maximum at (t
We take the local coordinates (2.5) for ω at z 0 such that 
Therefore,
and
Moreover, assume that the holomorphic bisectional curvature of ω is bounded from below by a constant −B ∈ R on X, then at (t 0 , z 0 )
By the maximum principle, at
We will simplify (2.11) to get a bound for β at (t 0 , z 0 ). 
In addition, at (t 0 , z 0 )
we infer that
We may assume that log β > 1 so that
Since ∂F ∂s ≥ 0, there exist C 1 > 0 depending on sup |ϕ 0 | and C 2 depending on h such that
We now estimate
It follows from (2.9) and (2.10) that
Hence at (t 0 , z 0 ), using log β > 1, we have
here C 3 and C 4 only depend on h. This completes Claim 1. 
where C 1 , C 2 , C ′ depend on sup X |ϕ 0 | and h. If A is chosen sufficiently large, we have a constant C 5 > 0 such that
14)
since otherwise (2.13) implies that β is bounded. So we get (u pp ) −1 ≤ C 5 log β for 1 ≤ p ≤ n. It follows from Lemma 2.5 we have at (t 0 , z 0 )
where C 6 depends on sup X |ϕ 0 |, ε. Then we get
so from (2.14) we have
hence log β < C 7 at (t 0 , z 0 ). This shows that β = |∇ϕ(z)| 2 ω < e C/t for some C depending on sup |ϕ 0 | and ε.
2.4. Bounding ∆ϕ t . We now estimate ∆ϕ. The estimate on |∇ϕ| 2 ω is needed here. The argument follows from [GZ13, Tô16] but there are difficulties in using this approach because of torsion terms that need to be controlled (see also [TW10] for similar computation for the elliptic Monge-Ampère equation).
Lemma 2.11. Fix ε > 0. There exist constants A and C only depending on ε and sup X ϕ 0 such that for all 0 ≤ t ≤ T − ε,
Proof. We first denote by C a uniform constant only depending on ε and sup X ϕ 0 .
Define P = t log tr ω (ω t+ε ) − Aϕ t+ε , and u = tr ω (ω t+ε ), with A > 0 to be chosen latter. Set ∆ t := ∆ ω t+ε , then
First, we have
Suppose P attains its maximum at (t 0 , z 0 ). If t 0 = 0, we get the desired inequality. We now assume that P (t, x) attains its maximum at (t 0 , x 0 ) with t 0 > 0.
It follows from Proposition 2.4, Proposition 2.5 and Theorem 2.8 thatφ t+ε depends on ε and sup X ϕ 0 , hence log ω n t ω n ≤ C. Combine with the inequality
Denotingg(t, x) = g t+ε (x) and using the local coordinate system (2.5) at (t 0 , x 0 ), we have
where the last inequality comes from (2.17). Since 
Combining all of these inequalities we obtain (2.21).
It now follows from (2.20) and (2.21) that
It follows from Proposition 2.10, tr ω t+ε ω tr ω ω t+ε ≥ n and tr ω ω t+ε ≥ C −1 that
so from Proposition 2.10 and (2.23) we have
Moreover, the inequalities (n − 1) log x ≤ x + C n and
for any two positive (1, 1)-froms ω andω, imply that log u = log tr ω (ω t+ε ) ≤ log n ω n t+ε ω n tr ω t+ε (ω)
It follows from (2.15), (2.16), (2.24) and (2.25) that
We choose A sufficiently large such that Ct + 1 − A/2 < 0. Applying Proposition 2.4,
Now suppose P attains its maximum at (t 0 , z 0 ). If t 0 = 0, we get the desired inequality.
Hence we get
as required.
2.5. Higher order estimates. For the higher order estimates, one can follow [SzTo11] (see [Nie14] for its version on Hermitian manifolds) by bounding
kr ϕ ϕ ijk ϕp qr and |Ric(ω t )| ωt , then using the parabolic Schauder estimates to obtain higher order estimates for ϕ. Additionally, we can also combine previous estimates with Evans-Krylov and Schauder estimates [Tô16, Theorem 1.7] to get the C k estimates for all k ≥ 0.
Theorem 2.12. For each ε > 0 and k ∈ N, there exists C k (ε) such that
Proof of Theorem A and B
We now consider the complex Monge-Ampère flow
starting from a ω-psh function ϕ 0 with zero Lelong numbers at all points, where 
with initial data ϕ 0,j .
It follows from the maximum principle [Tô16, Proposition 1.5] that j → ϕ j,t is nonincreasing. Therefore we can set
Thanks to Lemma 2.3 the function t → sup X ϕ t,j is uniformly bounded, hence ϕ t is a well-defined θ t -psh function. Moreover, it follows from Theorem 2.12 that ϕ t is also smooth in (0, T ] × X and satisfies
Observe that (ϕ t ) is relatively compact in L 1 (X) as t → 0 + , we now show that
First, let ϕ t k is a subsequence of (ϕ t ) such that ϕ t k converges to some function ψ in L 1 (X) as t k → 0 + . By the properties of plurisubharmonic functions, for all z ∈ X lim sup
with equality almost everywhere. We infer that for almost every z ∈ X ψ(z) = lim sup
by continuity of ϕ t,j at t = 0. Thus ψ ≤ ϕ 0 almost everywhere.
Moreover, it follows from Lemma 2.3 that
Since ψ ≤ ϕ 0 almost everywhere, we get ψ = ϕ 0 almost everywhere, so ϕ t → ϕ 0 in L 1 .
Uniform convergence.
If the initial condition ϕ 0 is continuous then by [Tô16, Proposition 1.5] we infer that ϕ t ∈ C 0 ([0, T ] × X), hence ϕ t uniformly converges to ϕ 0 as t → 0 + .
Uniqueness and stability of solution.
We now study the uniqueness and stability for the complex Monge-Ampère flow
where
for some constant C ′ > 0.
The uniqueness of solution follows directly from the same result in the Kähler setting [Tô16] Theorem 3.1. Suppose ψ and ϕ are two solutions of (3.1) with ϕ 0 ≤ ψ 0 , then ϕ t ≤ ψ t .
In particular, the equation (3.1) has a unique solution.
The stability result also comes from the same argument as in [Tô16] . The difference is that we use Theorem 2.6 instead of the one in Kähler manifolds. Theorem 3.2. Fix ε > 0. Let ϕ 0,j be a sequence of ω-psh functions with zero Lelong number at all points, such that ϕ 0,j → ϕ 0 in L 1 (X). Denote by ϕ t,j and ϕ j the solutions of (3.1) with the initial condition ϕ 0,j and ϕ 0 respectively. Then
Moreover, if ϕ, ψ ∈ C ∞ ((0, T ] × X) are solutions of (CM AF ) with continuous initial data ϕ 0 and ψ 0 , then
Proof. We use the techniques in Section 2 to obtain estimates of
for all k ≥ 0. In particular, for the C 0 estimate, we need to have uniform bound for H t,j = exp(φ t,j + F ) in order to use Theorem 2.6. By Lemma 2.5 we have
where 
Chern-Ricci flow and canonical surgical contraction
In this section, we give a proof of the conjecture of Tosatti and Weinkove. Let (X, ω 0 ) be a Hermitian manifold. Consider the Chern-Ricci flow on X, ∂ ∂t
whereω X = ω 0 + tχ, with χ is a smooth (1, 1)-form representing −c BC 1 (X). Assume that there exists a holomorphic map between compact Hermitian manifolds π : X → Y blowing down an exceptional divisor E on X to one point y 0 ∈ Y . In addition, assume that there exists a smooth function ρ on X such that 
We now prove this conjecture using Theorem A, Theorem B and some arguments in [SW13, TW13] 
Hence there exists a bounded function φ T on Y that is smooth on Y \ {y 0 } with ϕ T = π * φ T .
We now define a positive current ω ′ on Y by 
3)
Proof. We can rewrite the flow as the following complex Monge-Ampère flow
whereω Y := ω Y + (t − T )χ and φ T is continuous.
It follows from Theorem A and Theorem B that there is a unique solution φ of (4.4) in C ∞ ((T, T ′ ] × Y ) such that φ t uniformly converges to φ T as t → T + .
Lemma 4.4. There exists
Proof. By straightforward calculation, in π −1 (B(0, 1/2)), we have
for some constant C > 0. This proves (i). Using the same argument in Section 2 (see Theorem 2.8) we get (ii). 
Proof. We first denote by C > 0 a uniform constant which is independent of ε. Set ω = π * ω Y and fix δ > 0 a small constant. Following the same method in [TW13, Lemma 3.4] (see [PS10] for the original idea), we consider
hence |s| 2 h trω ω ε ≤ C tr ω 0 ω ε . Therefore H δ goes to negative infinity as x tends to E.
Without loss of generality, we assume that trω ω ε ≥ 1 at (t 0 , x 0 ).
The condition (4.2) moreover implies that
Combining (4.12), (4.11) and the calculation of [TW15, Proposition 3.1], at (t 0 , x 0 ) we get
It follows from Lemma 4.4 and (4.10) that trω η trω ω ε ≤ C |s| 2 h trω ω ε . Moereover, we may assume without loss of generality that
for some uniform constant C ′ , since otherwise H δ is already uniformly bounded. Therefore, we get
(4.14)
Since at (t 0 , z 0 ) we have ∇H δ (t 0 , x 0 ) = 0,
We also have
Combining all inequalities above and Lemma 4.4 (iii), at (t 0 , x 0 ), we obtain
Since π * ω Y − ε 0 R h > 0 , we have
for A sufficiently large. Combining with tr ω εω ≤ C tr ω ε ω 0 , we can choose A sufficiently large so that at (t 0 , x 0 )
Therefore, at (t 0 , x 0 )
Since ω ε /Ω X ≤ C (Lemma 4.4 (iii)) and x → x log |x| n−1 is bounded from above for x close to zero, we get
This implies that H δ is uniformly bounded from above at its maximum. Hence we obtain the estimate (4.9).
Lemma 4.6. There exists a uniform λ > 0 and C > 0 such that
Proof. Following the method in [TW13, Lemma 3.5] (see also [PS10] ), we consider for each δ > 0,
, whereφ ε := − log(trω ω ε |s| 2(1+δ) ) + Aψ ε andC is chosen so thatφ ε +C > 1 and ψ ε +C > 1. The constant A > 0 will be chosen hereafter. Lemma 4.5 and Lemma 4.4 (ii) imply that H δ goes to negative infinity as x tends to E. Hence we can assume that H δ attains its maximum at (t 0 , x 0 ) ∈ [T, T ′ ] × X \ E. Without loss of generality, let's assume further that tr ω 0 ω ε ≥ 1 at (t 0 , x 0 ).
As in Lemma 4.5 we have
It follows from Lemma 4.4 and (4.10) that
h trω ω ε . For the last term, we may assume without of generality that
since otherwise H δ is already uniformly bounded. Using
and tr ω 0 ω ε ≥ 1 at (t 0 , x 0 ), we get
for A > n − 1. It follows from (4.5) that 1 2
for all A sufficiently large. Therefore we can choose A sufficiently large such that
Compute at (t 0 , x 0 ), using (4.16), (4.17),ψ ε +C ≥ 1 andφ ε +C ≥ 1,
By the same the argument in [TW13, Lemma 3.5], we get, at (t 0 , x 0 ),
5. Twisted Chern-Ricci flow 5.1. Maximal existence time for the twisted Chern-Ricci flow. Let (X, g) be a compact Hermitian manifold of complex dimension n. We define here the twisted Chern-Ricci flow on X as
where η is a smooth (1, 1)-form. Setω t = ω 0 + tη − tRic(ω 0 ). We now define
We now prove the following theorem generalizing the same result due to TosattiWeinkove [TW15, Theorem 1.2]. We remark that our ingredients for the proof come from a priori estimates proved in Section 2 which are different from the approach of Tosatti and Weinkove. 
so ω t =ω t + dd c ϕ and ϕ satisfies (5.2).
By the standard parabolic theory [Lie96] , there exists a maximal solution of (5.2) on some time interval [0, T max ) with 0 < T max ≤ ∞. We may assume without loss of generality that T max < T ′ . We now show that a solution of (5.2) exists beyond T max . Indeed, the a priori estimates for more general Monge-Ampère flows in Section 2 gives us uniform estimates for ϕ in [0, T max ) (see Theorem 2.12), so we get a solution on [0, T max ]. By the short time existence theory the flow (5.2) can go beyond T max , this gives a contradiction. So the twisted Chern-Ricci flow has a solution in [0, T ). Finally, the uniqueness of solution follows from Theorem 3.1.
Twisted Einstein metric on Hermitian manifolds.
We fix a smooth (1, 1)-form η. A solution of the equation
with µ = 1 or −1, is called a twisted Einstein metric. We recall
the equivalence class of η.
In the sequel we study the convergence of the normalized twisted Chern-Ricci flow to a twisted Einstein metric ω = χ + dd c ϕ ∈ −(c BC 1 − {η}) assuming that c BC 1 − {η} < 0 and µ = −1. Note that if c BC 1 (X) < 0 (resp. c BC 1 (X) > 0) implies that X is a Kähler manifold which admits a Kähler metric in −c 1 (X) (resp. in c 1 (X)). Therefore the positivity of the twisted Bott-Chern class is somehow more natural in our context.
Assume the twisted first Bott-Chern class α := c BC 1 (X) − {η} is negative. We now use a result in elliptic Monge-Ampère equation due to Cherrier [Che87] to prove the existence of twisted Einstein metric. An alternative proof using the convergence of the twisted Chern-Ricci flow will be given in Theorem 5.3. 
Proof. Let χ = η − Ric(Ω) be a Hermitian metric in α, then any Hermitian metric in α can be written as ω = χ + dd c ϕ where ϕ is smooth strictly and χ-psh. Since
Therefore the equation (5.4) can be written as the following Monge-Ampère equation
It follows from [Che87] that (5.5) admits an unique smooth χ-psh solution, therefore there exists an unique twisted Einstein metric in −(c BC 1 (X) − {η}).
5.3.
Convergence of the flow when c BC 1 (X) − {η} < 0. We defined the normalized twisted Chern-Ricci flow as follows ∂ ∂t
We have (5.6) is equivalent to the following Monge-Ampère flow
and Ω is a fixed smooth volume form on X.
Since we assume c BC 1 (X) − {η} is negative, the flow (5.6) has a longtime solution. The longtime behavior of (5.6) is as follows Proof. Since ϕ is uniformly bounded, we can choose C 0 such that ϕ + C 0 ≥ 1. Set P = log trω ω t − Aϕ + 1 ϕ + C 0 , where A > 0 will be chosen hereafter. The idea of adding the third term in P is due to Phong-Sturn [PS10] and was used in the context of Chern-Ricci flow (cf. [TW15] , [TW13] , [TWY15] ).
Assume without loss of generality that trω ω t ≥ 1 at a maximum point (t 0 , x 0 ) with t 0 > 0 of P . It follows from the same calculation in Lemma 4.5 that at (t 0 , x 0 ), we have We can choose A sufficiently large such that at the maximum of P either trω ω t ≤ A 2 (ϕ + C 0 ) 3 , then we are done, or trω ω t ≥ A 2 (ϕ + C 0 ) 3 , and A ≥ 2C. For the second case, we obtain at the maximum of P , there exists a uniform constant C 3 > 0 so that
Hence combining with the following inequality (see for instance [BG13, Lemma 4.1.1])
trω ω t ≤ n(tr ωtω ) n−1 ω n t ω n , we have trω ω t ≤ n(tr ωtω ) n−1 ω n t ω n ≤ C 4 . This implies that P is bounded from above at its maximum, so we complete the proof of the lemma.
It follows from Lemma 5.4 that ω t is uniformly equivalent toω independent of t, hence ∂ ∂t − ∆ ωt (e tφ ) = − tr ωt (ω 0 ) + tr ωt χ ≥ −C, henceφ ≥ −C(1 + t)e −t by the maximum principle. Combining with (5.7), we infer that ϕ converges uniformly exponentially fast to a continuous function ϕ ∞ . Moreover, by the same argument in Section 2, Evans-Krylov and Schauder estimates give us the uniform higher order estimates for ϕ. Therefore ϕ ∞ is smooth and ϕ t converges to ϕ ∞ in C ∞ .
Finally, we get the limiting metric ω ∞ = η − Ric(Ω) + dd c ϕ ∞ which satisfies the twisted Einstein equation
Ric(ω ∞ ) = −ω ∞ + η.
This proves the existence of a twisted Einstein metric in −c BC 1 (X) + {η}.
As an application, we prove the existence of a unique solution of the Monge-Ampère equation on Hermitian manifolds. This result was first proved by Cherrier [Che87, Théorème 1, p. 373]. 
